Using the quasinormal modes of a massless scalar perturbation, we investigate the small/large black hole phase transition in the Lorentz symmetry breaking massive gravity. The result shows that, at low temperature or pressure, the phase transition can be probed by the change of the slope of the quasinormal mode frequencies in the complex-ω diagram. While increasing the temperature or pressure to some certain values near the critical point, there will appear the deflection point, which indicates that such method may not be appropriate to test the phase transition. At the critical point, the quasinormal mode frequencies for the small and large black holes will have the similar behavior. Moreover, we examine the behaviors of the imaginary part of the quasinormal mode frequencies along the isobaric and isothermal processes. It is shown that the oscillatory behavior is observed only when the small/large black hole phase transition occurs. Therefore, this property can provide us an additional method to probe the phase transition through the quasinormal modes.
anymore. Fortunately, we find that there exists oscillatory behavior in the ω i − T (or ω i − P ) diagram. Therefore, the oscillatory behaviors provide us an additional probe of the phase transition. This paper is organized as follows. In Sec. II, we will briefly review phase transition of the charged AdS black holes in the LSB massive gravity. In Sec. III, we numerically calculate the QNM frequencies for the black holes around the phase transition points along the isobaric and isothermal processes, respectively. The study of the oscillatory behavior of the imaginary part of the QNM frequencies is given in Sec. IV. The final section is devoted to the conclusions and discussions.
II. PHASE TRANSITION AND THERMODYNAMICS
Massive gravity theory was firstly developed by Fierz and Pauli in 1939 [46] . Here we consider the LSB massive gravity theory. For the details of this massive gravity theory, we refer readers to [47, 48] .
The LSB massive gravity was systematically studied in Ref. [49] , and its action reads
where M pl is the Plank mass, R is the scalar curvature of the space-time geometry, F is the function of X and W ij :
Here, the parameter Ω has the dimension of mass, and the scalar fields Φ 0 , Φ i are Goldstone fields which break the Lorentz symmetry spontaneously so that the graviton gets a mass. Then the metric of a charged AdS black hole in this LSB massive gravity is [50] 
where the metric function reads
The cosmological constant Λ is related to the constant b and graviton mass m g [50] Λ = 2m
When λ < 1, the ADM mass will become divergent, which is not allowed [51] . So we choose λ > 1. Importantly, when γ = 1, the metric solution is similar to the Schwarzschild AdS black hole with a single horizon where the phase transition is trivial. When γ = −1, the metric solution is much like RN-AdS black hole which admits a nontrivial small/large black hole phase transition [51] . Since we are interested in the nontrivial phase transition, we choose γ = −1 in the following discussion. In addition, we use the geometric units G = = c = k B = 1 for simplicity. The temperature of this black hole can be calculated as
where r h is the radius of the outer event horizon and M is the mass of the black hole. Using f (r h ) = 0, the mass can be obtained
In the extended phase space, the cosmological constant corresponds to thermodynamical pressure,
To compare with the vdW fluid equation, we identify the specific volume v of the black hole fluid with the horizon radius as [8] v = 2r h .
With the substitution of Eqs. (7)-(10), the equation of state of the black hole can be obtained
The critical point can be determined by
which leads to [51] 
Noting that when λ = 2, the critical point given above is exactly the same as that of the RN-AdS black hole [8] . It is clear that the graviton mass m g significantly modifies this behavior, and a non-zero m g admits the possibility of critical behavior for λ = 2. Global stability of a black hole can be determined by studying the corresponding Gibbs free energy. In the extended phase space, M is interpreted as the enthalpy rather than the internal energy. So with the substitution of Eq. (8), the corresponding Gibbs free energy is
With the help of Eq. (11), the Gibbs free energy can be expressed in terms of r h , T , and Q
It is shown in Ref. [51] that this AdS black hole admits a phase transition of the vdW type. Below the critical point (13), the Gibbs free energy (15) shows a swallow tail behavior indicating the existence of a first-order phase transition. And with the increase of the temperature or pressure, the swallow tail behavior shrinks and exactly disappears at the critical point of second-order, and completely disappears beyond the critical point.
III. QUASINORMAL MODE FREQUENCIES
In this section, we would like to study the massless scalar field perturbation in the background geometry of the charged AdS black hole in the LSB massive gravity. For simplicity, we just take the radial part of the perturbation, Φ(r, t) = φ(r)e −iωt , which is governed by the Klein-Gordon equation,
Substituting the metric (4) and the decomposition of the perturbation Φ(r, t) into Eq. (16), one gets
where the QNM frequency ω = ω r + iω i , and ω r and ω i correspond to oscillation frequency and damping time, respectively. For this black hole system, we need to impose boundary conditions both at the horizon and at the 
Without loss of generality, we can set ϕ(r) = 1 when r → r h . Thanks to the infinite effective potential at the AdS boundary when r → ∞, we set ϕ(r → ∞) = 0. With these boundary conditions, we can numerically solve Eq. (18) and find the QNM frequencies by using the shooting method.
We are going to study whether the signature of phase transition in charged AdS black holes can be reflected in the dynamical QNMs behavior in the massless scalar perturbation. We will examine the dynamical perturbations in two processes, namely the isobaric process and the isothermal process. In our following numerical calculations, we set Q = 1 and γ = −1.
A. Isobaric phase transition
In this case, we choose a fixed pressure to study the thermodynamic phase transition. We plot the temperature T in Fig. 1 (a) for P < P c . And the result shows that there exist the oscillating behaviors, which indicate the existence of the first-order small/large black hole phase transition. The G − T diagram is also presented in Fig. 1(b) . Obviously, there display the swallow tail behaviors, which also imply the first-order small/large black hole phase transition. It is noticed that the intersection point denotes the coexistence phase of the small and large black holes. The critical pressure P c can be achieved by solving ∂ r h T = ∂ r h ,r h T = 0.
In Table I , we further list the frequencies of the massless scalar perturbation around the small and large black holes near the first-order phase transition. We choose the fixed pressure P = 0.0015 for different values of λ=1.8, 2.0, 2.2. It is noticed that, when λ = 2.0, the situation is exactly the same as that of the RN-AdS black hole. While when λ = 2.0, it will deviate from the RN-AdS black hole case. For the small black hole phase, when the horizon radius gets smaller and smaller, the temperature decreases. The absolute value of the imaginary part of the QNM frequency decreases while the real part one changes very little. For the large black hole phase, the radius increases with the temperature. And the perturbation becomes more oscillatory due to the bounce effect of the AdS boundary and more damped due to the absorbtion of larger black hole [31] . The behavior of the QNMs for the small and large black holes with fixed pressure P =0.0015 can be found in Fig. 2 , and the arrow indicates the increase of the radius. We can clearly see that for the small black hole phase, it has a positive slope. While for the large black hole phase, the slope becomes negative. This result implies that we can use the property of the slope as a probe for the thermodynamic phase transition in the LSB massive gravity.
Next, we increase the fixed pressure to P = 0.0025, and then the strange behavior of the QNM frequencies appears. The QNM frequencies are given in Fig. 3 . From it, one can find the inflection point in the complex-ω diagram in Fig. 3(a) . Thus the QNM frequencies for the small black hole phase do not have definite slope. So it seems that this method is not appropriate to probe the black hole phase transition for high pressure near the critical pressure. In fact, this result was also observed in Ref. [32] .
Moreover, at the critical pressure P = P c , a second-order phase transition occurs. For different values of λ=1.8, 2.0, and 2.2, the QNM frequencies of the small and large black hole phases are plotted in Fig. 4 . We can see that TABLE I: The QNM frequencies of the massless scalar perturbation with fixed pressure P = 0.0015. The upper part, above the horizontal line, is for the small black hole phase, and the lower part is for the large black hole phase. the QNM frequencies of the two black hole phases possess the same behavior with the increase of black hole horizon. Therefore, this slope method is also problematic at the critical point.
In a word, this slope method is effective for probing the thermodynamic phase transition only at low pressure, while not very accurate at high pressure.
B. Isothermal phase transition
For the isothermal process, we adopt the similar analysis as that of the above isobaric process. For T < T c , we plot the behaviors of the pressure P and the Gibbs free energy in Fig. 5 . Obviously, both the oscillatory behavior of the pressure and the swallow tail behavior of the Gibbs free energy indicate that there exists a first-order black hole phase transition for T < T c in the LSB massive gravity.
In Table II , we further list the frequencies of the massless scalar perturbation near the small and large black hole phases for the first-order phase transition with fixed temperature T = 0.03. For the small black hole phase, when decreasing the radius of the black hole horizon, we find the QNM frequencies show more oscillation and more decay, which is very different from the isobaric process. The changes of the pressure P and radius affect the frequencies in the opposite way, but in the end, we find the effect of the pressure P overwhelms that of the horizon radius r h , which leads to more oscillation due to the AdS boundary. For the large black hole phase, the radius decreases with the pressure. The real part slightly increases while the absolute value of the imaginary part decreases with the pressure, which is caused again by the absorbtion of the smaller black hole.
The behaviors of the QNM frequencies are given in Fig. 6 and Fig. 7 , for T = 0.03 and 0.04, respectively. For low temperature, i.e., T = 0.03, we can see that for the small black hole phase, the QNM frequencies have a negative slope, while for the large black hole phase, the slope is positive. Similar to the isobaric process, this also indicates that there exists a small/large black hole phase transition. Thus this slope method can be used to probe the phase transition for low temperature. On the other hand, at high temperature, i.e., T = 0.04, the case becomes different. The slope for the large black hole phase has an inflection point in the complex-ω diagram, see Fig. 7(b) . Thus the slope method will be invalid for this case.
At the critical point T = T c , we find that the QNM frequencies of the two black hole phases possess the same behavior with the increase of the black hole horizon, which is just the same as that shown in Fig. 4 . So for the isothermal process, this slope method is also only valid for low temperature. 
IV. OSCILLATORY BEHAVIORS OF QUASINORMAL MODES
As shown above, the slope method on probing the black hole phase transition is only accurate for low pressure or temperature case. While for the case of high pressure or temperature very near the critical point, the method is problematic. So we would like to explore the detailed behavior of the QNM frequencies for the high pressure or temperature case.
Here we respectively plot the imaginary part of the QNM frequencies as a function of temperature and pressure in Fig. 8 . For each value of the parameter λ, there displays an oscillatory behavior, which is similar to that of the vdW fluid. At the critical point, we show the behavior of ω i in Fig. 9 . One can find that the oscillatory behavior just disappears for different λ. For the isobaric processes, ω i decreases monotonically with the temperature T . And for the isothermal process, it increases monotonically with the pressure P . Beyond the critical point, the behavior is presented in Fig. 10 . It is clear that the oscillatory behavior completely disappears. Considering these cases, we suggest that the oscillatory behavior of ω i can reveal the first-order thermodynamic phase transition. Therefore, this oscillatory behavior of ω i is an additional probe for the black hole phase transition.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we calculated the QNM frequencies of the massless scalar perturbations around the black hole in the LSB massive gravity, and examined the relation between the QNM frequencies and thermodynamic phase transition. For γ = −1, the black hole system exhibits a small/large black hole phase transition of the vdW type. At low temperature or pressure, we can see that there exists a slope change of the QNM frequencies for the small and large black hole phases both for the isobaric and isothermal processes. This result implies that we can use this slope method to probe the black hole phase transition. However, when the temperature or pressure approaches certain value near the critical point, we found that there will be the inflection points in the complex-ω diagram. So, the slope method will be invalid. Moreover, at the critical point, the phase transition will be a second-order one. And for the small and large black holes, the behavior of the QNM frequencies will share the similar behavior, arguing that the slope method is not appropriate to probe the second-order phase transition.
On the other hand, we also examined the behaviors of the imaginary part of the QNM frequencies along the isobaric and isothermal processes. For the temperature or pressure below the critical value, the imaginary part clearly exhibits an oscillatory behavior, see Fig. 8 , which is very similar to the vdW fluid. Thus, it may indicate the existence of the black hole phase transition. When increasing the temperature or pressure to its critical value, the oscillatory behavior vanishes, see Fig. 9 . When further increasing the temperature or pressure, the oscillatory behavior completely disappears. Therefore, the appearance of the oscillatory behavior may imply the existence of the phase transition. This also provides us an additional method to probe the black hole thermodynamic phase transition through the QNMs.
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